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We investigate lattice effects on wave functions that are lattice analogues of bosonic and fermionic
Laughlin wave functions with number of particles per flux ν = 1/q in the Landau levels. These wave
functions are defined analytically on lattices with µ particles per lattice site, where µ may be different
than ν. We give numerical evidence that these states have the same topological properties as the
corresponding continuum Laughlin states for different values of q and for different fillings µ. These
states define, in particular, particle-hole symmetric lattice Fractional Quantum Hall states when the
lattice is half-filled. On the square lattice it is observed that for q ≤ 4 this particle-hole symmetric
state displays the topological properties of the continuum Laughlin state at filling fraction ν = 1/q,
while for larger q there is a transition towards long-range ordered anti-ferromagnets. This effect does
not persist if the lattice is deformed from a square to a triangular lattice, or on the Kagome lattice,
in which case the topological properties of the state are recovered. We then show that changing
the number of particles while keeping the expression of these wave functions identical gives rise to
edge states that have the same correlations in the bulk as the reference lattice Laughlin states but
a different density at the edge. We derive an exact parent Hamiltonian for which all these edge
states are ground states with different number of particles. In addition this Hamiltonian admits the
reference lattice Laughlin state as its unique ground state of filling factor 1/q. Parent Hamiltonians
are also derived for the lattice Laughlin states at other fillings of the lattice, when µ ≤ 1/q or
µ ≥ 1− 1/q and when q = 4 also at half-filling.
PACS numbers: 11.25.Hf, 73.43.-f, 75.10.Jm
I. INTRODUCTION
Strongly correlated quantum systems can give rise to
fascinating phenomena that are absent from conventional
materials. For example, topological states of matter have
attracted a lot of attention, both for the fundamental
physics they display as well as for their potential practi-
cal applications. They were first realized experimentally
with the discovery of the Fractional Quantum Hall (FQH)
effect1, in which electrons of a two-dimensional electron
gas subject to a strong magnetic field form an incom-
pressible quantum fluid giving rise to fractionally charged
excitations. A large understanding of the FQH effect was
made possible by the discovery of analytical wave func-
tions describing the electrons in a partially filled Landau
level, such as Laughlin’s wave function2.
Experimental realizations of FQH states and manip-
ulation of their quasiparticles however remain a chal-
lenge, which motivated a large body of research devoted
to the realization of the FQH effect in different sys-
tems. An example of such possible systems are chiral
spin liquids. In this phase of matter, spins on a lat-
tice form a collective state that has the same topological
properties as FQH states. They were first introduced
with the Kalmeyer-Laughlin state3, a bosonic Laughlin
state at filling fraction ν = 1/2 on a lattice with emer-
gent anyonic excitations. Over the last decades, much
research has been devoted to finding spin Hamiltoni-
ans that have such a state as their ground state. Par-
ent Hamiltonians have been obtained for the Kalmeyer-
Laughlin state and its generalizations4–9 and recently
several local Hamiltonians on the square or Kagome lat-
tice have been shown to exhibit such a chiral spin liq-
uid as their ground state10–19. Parent Hamiltonians and
local Hamiltonians have been found as well for a more
exotic non-Abelian chiral spin liquid corresponding to
the Moore-Read state8,20,21, while another approach has
been the realization of these states in topological flat-
band models22–26.
Typically, the previous examples of the realization of
the Kalmeyer-Laughlin state on spin-1/2 lattices occur
either at half-filling of the lattice (half of the spins are
pointing up in the z-direction) or at low filling of the lat-
tice (so the system is close to a continuum limit), but it
is also proposed that this state can emerge on a lattice at
filling 1/327. Indeed it was recently observed28 numeri-
cally that a bosonic FQH Laughlin state with number of
particles per flux ν = 1/2 appears as ground state of a
Bose-Hubbard model on the Kagome lattice in the hard-
core limit when the boson filling fraction is 1/3. More-
over, exact parent Hamiltonians have been obtained for
lattice versions of the Laughlin states at number of parti-
cles per flux ν = 1/q (q ∈ N) only when the filling factor
µ of the lattice is equal to ν, although it is possible to
define the Laughlin states also on lattices with a different
filling factor9. This raises the question of when Laughlin
states with number of particles per flux ν = 1/q can ap-
pear on lattices when the filling of the lattice µ is different
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2than ν. This question is relevant for experimental pur-
poses: indeed, if Hamiltonians can be found to stabilize
these states when the lattice filling factor is not the same
as the continuum filling fraction, this means that there
is more flexibility in realizing different models displaying
FQH physics in new settings.
It is also of interest to understand whether the lattice
may destroy the physics of the FQH effect. Indeed, al-
though one way to check whether a lattice Hamiltonian
reproduces FQH physics has been to compare overlaps
between its ground state and FQH wave functions10,29,
it is not a priori clear that a wave function of a FQH
state in the continuum still displays the same topological
effects once discretized and placed on a lattice. It has
been shown to be the case for the Kalmeyer-Laughlin
wave function7,30,31 as well as for the Moore-Read wave
function21,32, but we will show here that while it remains
true for most of the wave functions we introduce, in some
particular cases strong lattice effects may destroy the
topological properties.
In this work we address these issues by studying lat-
tice versions of Laughlin wave functions at ν = 1/q for
bosons and fermions on arbitrary lattices with filling fac-
tor µ not necessarily equal to ν, thus generalizing the
Kalmeyer-Laughlin state in the lines of Ref. 9. We in-
vestigate the phase diagram for different values of µ and
q using measures of correlations, entanglement entropy
and braiding of localized quasiholes to give numerical ev-
idence that in a large part of the phase diagram the states
on a square lattice have the same topological properties
as the continuum Laughlin states.
When the lattice is half-filled the states have the addi-
tional property that they are symmetric under particle-
hole transformation. While the states for q ≤ 4 define
lattice versions of Laughlin states at ν = 1/q, even on
a half-filled lattice, it is found that at half-filling on the
square lattice the states for q ≥ 5 display long-range
anti-ferromagnetic order and are topologically trivial. It
is shown that this behaviour is due to geometric proper-
ties of the square lattice and that it disappears on frus-
trated lattices like the triangular and the Kagome lat-
tice, so that states having the topological properties of
the Laughlin state at ν = 1/q, q ≥ 2, can be defined on
such half-filled frustrated lattice.
We define edge state wave functions for the lattice
Laughlin states by acting on the state with a charge lo-
cated outside the boundary of the lattice. This provides
a second way to change the filling of the lattice with-
out changing the topological properties of the state and
we show that the edge states that are obtained in this
way have a density which is modified at the edge com-
pared to the original lattice Laughlin states, while their
density and correlations in the bulk are the same. The
states thus constructed are different from the edge states
for the Kalmeyer-Laughlin state introduced in Ref. 33,
but they share similar properties.
In addition we derive an exact parent Hamiltonian for
which all these edge states are ground states with differ-
ent number of particles. This Hamiltonian also admits
the corresponding lattice Laughlin state as its unique
ground state of filling factor 1/q. Parent Hamiltonians
are also derived for the lattice Laughlin states at other
fillings of the lattice, when µ ≤ 1/q or µ ≥ 1 − 1/q and
when q = 4 also at half-filling, which significantly extends
the group of models for which parent Hamiltonians can
be found. It is notable that these Hamiltonians are not
more complicated than the previous ones, but simply re-
quire different coupling strengths. The wave functions
we consider are invariant under conformal transforma-
tions of the lattice positions, but the Hamiltonians we
find do not display this symmetry. This allows us to con-
struct a more general class of Hamiltonians that has the
lattice Laughlin states as their ground state. Among this
class it is possible to find a Hamiltonian which is invari-
ant under the symmetry transformations of the lattice
on the cylinder, but there is no Hamiltonian in this class
that would be invariant under all conformal transforma-
tions. These parent Hamiltonians are long-ranged and
involve up to three-body or up to four-body interactions,
depending on the model considered.
The paper is organized as follows : in Section II, we
define lattice Laughlin states at different lattice filling
factors. In Section III, we compute their properties on
the square lattice. In Section IV we discuss the particular
case of half-filling and show that for large q the states
display topological order on frustrated lattices while they
are trivial anti-ferromagnets on the square lattice. In
Section V we introduce and characterize edge states for
the lattice Laughlin states and in Section VI we derive
the exact parent Hamiltonians.
II. LATTICE LAUGHLIN STATES AT
DIFFERENT LATTICE FILLING FACTORS
In this section we define Laughlin wave functions with
number of particles per flux ν = 1/q (q ∈ N) on lattices
with arbitrary lattice filling factor, defined as the ratio of
the number of particles and the number of lattice sites.
Let us consider an integer N and a lattice with N sites
at positions zj , j ∈ {1, 2, . . . , N} in the complex plane.
Particular choices of the coordinates zj will for example
yield a square, triangular or Kagome lattice on the plane
or on the cylinder (using a mapping of the coordinates
from the cylinder to the plane). At each lattice site zi we
associate a local basis |ni〉 such that the lattice site can
be empty (ni = 0) or occupied (ni = 1). We consider M
particles (hardcore bosons or fermions) hopping on this
lattice and define µ ≡ MN as the lattice filling factor.
In general, a wave function defined on this lattice will
have the form
|ψ〉 =
∑
n1,...,nN
ψ(n1, . . . , nN )|n1, . . . , nN 〉, (1)
where ψ(n1, . . . , nN ) = 0 unless the number of particles
is
∑
i ni = M (if the particles are fermions, the Fock
3states are defined using the same ordering as for the lat-
tice sites). Let q be a positive integer. To define Laughlin
wave functions at ν = 1/q on this lattice, we follow the
idea of Moore and Read34, later extended to lattices7,9,35,
to express the wave function as some correlator of oper-
ators from Conformal Field Theory (CFT):
ψ(n1, . . . , nN ) ∝ 〈Vn1(z1) . . . VnN (zN )〉, (2)
where Vni(zi) are operators attached at position zj .
At each lattice site we attach the vertex operators
Vnj (zj) =
{
: e
−i η√qφ(zj) : if nj = 0,
eipiη
′(j−1) : ei
q−η√
q φ(zj) : if nj = 1,
(3)
where φ(z) is a chiral bosonic field from the c = 1 Con-
formal Field Theory, : . . . : denotes normal ordering and
η is a positive rational number such that ηN/q is an in-
teger and in all this work η′ denotes min(η, q − η). If η
is not an integer, a choice of branch cuts can be made
consistently for all the formulas in this work.
Evaluating the correlator in Eq. (2) yields9,36 a wave
function, that we denote as ψηq , such that
ψηq (n1, . . . , nN ) ∝δnξη
∏
i<k
(zi − zk)qnink
∏
j 6=l
(zl − zj)−ηnl ,
(4)
where δn is zero unless the number of particles is M =∑
i ni = η
N
q and ξη is 1 if η ≤ q − η or (−1)q
∑
j(j−1)nj
otherwise. The first factor in Eq. (4) can be interpreted
as the attachement of a flux q to each particle, while the
second factor represents the net effect of the lattice on
a given particle, that in the continuum is generated by
the background charge. Note that no background charge
needs to be inserted to evaluate the correlator and charge
neutrality is directly ensured by the choice of operators
(3).
It was shown in Ref. 7 and 9 for lattices defined on
the plane that in the thermodynamic limit and when the
area a of each site is the same,∏
j 6=l
(zl − zj)−ηnl ∝ e−i
∑
l gle−
1
4
2piη
a
∑
l |zl|2nl , (5)
where gl ≡ Im[η
∑
j(6=l) nl ln(zl − zj)] is a real number
that gives rise to a phase factor that does not change the
correlations or entanglement entropy of the state. More-
over it was shown that the approximation is valid already
for moderate sizes7,9. In the continuum, the wave func-
tions are usually expressed in the basis spanned by the
position of the particles Zi. Here the Zi are the posi-
tions zi where ni = 1 and the (Z1, ..., ZM ) form a basis
of the Hilbert space. The wave function written in this
basis then becomes (here the phase factors, which can be
transformed away if desired, are omitted)
ΨLaughlin(Z1, . . . , ZM ) ∝
∏
i<j
(Zi − Zj)qe− 14
2piη
a
∑
l |Zl|2 ,
(6)
which is the Laughlin wave function at filling fraction
ν = 1q for M particles with positions restricted to the
lattice sites.
To define the states on the cylinder, the coordinates
are taken to be of the form zj = e
xj+iyj , where xj +
iyj define the corresponding lattice on the plane. The
previous factor can then be computed by writing∏
j 6=l
(zl − zj)−ηnl ∝ e−
∑
l nl
∑
j(6=l) η log(zl−zj), (7)
and in the thermodynamic limit the real part of the sum
can be replaced by an integral9,34 on the cylinder :∑
j(6=l)
η log(|zl − zj |) ∝ η
a
∫ R
x=0
∫ 2pi
y=0
log(|zl − exeiy|)dydx,
(8)
which can be evaluated to yield − 2piηa |xl|
2
2 + constant,
where the constant does not depend on zl. In the thermo-
dynamic limit on the cylinder the wave function therefore
also reduces to the Laughlin wave function with positions
restricted to the lattice sites.
Here it is important to note that the filling factor of
the lattice is µ = MN =
η
q , which can be different from the
Laughlin filling fraction ν = 1/q. Here µ is the number
of particles per lattice site, whereas ν is the number of
particles per number of fluxes. In this work we will be
particularly interested in lattice effects in the cases where
η 6= 1, so that µ 6= ν.
Let us first discuss a few particular values of the pa-
rameters q and η. In Fig. 1, we draw a diagram of the
ψηq states for the different values of the parameters that
will be considered in this work. When µ = 0 (resp.
µ = 1), all the lattice sites are empty (resp. occupied),
so the state is a trivial ferromagnet. This happens when
η = 0 or when η = q (red lines in Fig. 1). When η > q,
the number of particles in the lattice has to be larger
than the number of lattice sites, which is not possible
since only single occupancy is allowed. The state ψηq is
therefore not defined for η > q (grey region in Fig. 1).
Particular cases that have been considered before are
the η = 1, q ≥ 2 states (blue disks in Fig. 1), for which
the states have been shown9 to be lattice versions of the
Laughlin states and parent Hamiltonians have been ob-
tained. When η ≤ 1, it was shown9 that the topological
entanglement entropy of the states remains the same and
that in the limit η → 0, N ∝ 1/η → ∞, the states be-
come Laughlin states in the continuum.
Another particularly interesting case is the choice η =
q/2, which corresponds to half-filling of the lattice. In
one dimension, the states defined at half-filling (and q
not necessarily integer) have been shown35 to be critical
states for q ≤ 2 (orange line in Fig. 1) and to exhibit
antiferromagnetic long-range order for 2 < q < 4 (dotted
orange line in Fig. 1). At q = 1, η = 1/2 (green disk),
the state in 2D corresponds to an Integer Quantum Hall
state35. Note that the states are bosonic for even q and
fermionic for odd q.
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FIG. 1. Diagram of the ψηq states for the values of q and
η considered in this work. q is integer while η is a rational
number in the interval [0, q], since the states for η > q (grey
region) are not defined. When η → 0 or η → q (red lines),
the state is a ferromagnet if N is fixed, or a Laughlin state in
the continuum if N goes to infinity and N ∝ 1/η (if η → 0)
or N ∝ 1/(q − η) (if η → q) . The solid blue disks on the
line η = 1 correspond to lattice Laughlin states that satisfy
µ = ν = 1/q. The green disk is an Integer Quantum Hall
state. On the orange line (q not necessarily integer), the state
in 1D is critical, while on the dotted orange line it has long
range order.
III. PROPERTIES OF THE LATTICE
LAUGHLIN STATES
In this section we explore the properties of the lattice
Laughlin States to determine the phase diagram of the
states in the (q, η) plane. Particle-hole transformation
shows that the phase diagram is symmetric along the η =
q/2 line, on which the states are particle-hole symmetric.
We then give numerical evidence that the states have
exponentially decaying correlations on the square lattice
unless η = q/2, q ≥ 5. Moreover we show that when
the correlations decay exponentially, the states have the
same topological entanglement entropy as the Laughlin
states in the continuum and that quasihole excitations of
these states have the corresponding anyonic statistics.
A. Particle-hole transformation
The different wave functions ψηq are related under
particle-hole transformation. This transformation has
the effect of exchanging ni and 1− ni, so the vertex op-
erators used in the definition of the wave function are
transformed as
Vnj (zj) = e
ipiη′(j−1)nj : ei
qnj−η√
q φ(zj) :−→ V ′nj (zj), (9)
where
V ′nj (zj) ≡ eipiη
′(j−1)e−ipiη
′(j−1)nj : e−i
qnj−(q−η)√
q φ(zj) : .
(10)
Now let us define V˜ni(zj) the operators used to define the
state ψq−ηq and observe that
〈V ′n1(z1) . . . V ′nN (zN )〉 ∝ 〈V˜n1(z1) . . . V˜nN (zN )〉. (11)
This shows that the states ψηq and ψ
q−η
q are exchanged
under particle-hole transformation (see Fig. 1). Note
that this transformation also changes the number of par-
ticles, so that it relates states at lattice filling factor
1/q and 1 − 1/q. This can be compared to the situa-
tion in the continuum, where a particle-hole transforma-
tion can be defined37 to relate the Fractional Quantum
Hall states at filling fraction 1/q and 1 − 1/q. On the
lattice the particle-hole transformation is however differ-
ent, because it only involves exchanging the |0〉 and |1〉
states, so there is no separate treatment of an electron or
a hole. The ψηq and the ψ
q−η
q states are therefore related
by a simple change of basis, and as such all properties
of the wave function that are symmetric with respect
to particle-hole transformation will be the same for the
ψηq and the ψ
q−η
q states. This is in particular the case of
the connected particle-particle correlation function, since
〈ninj〉 − 〈ni〉〈nj〉 = 〈(1− ni)(1− nj)〉 − 〈1− ni〉〈1− nj〉.
FIG. 2. The mapping from a lattice on the complex plane
to a cylinder. For the square lattice on the cylinder, the
coordinates are zj = exp(2pi((xj − Lx/2 + 1/2)/Ly + (yj −
Ly/2 + 1/2)i/Ly)), xj ∈ {0, . . . , Lx − 1}, yj ∈ {0, . . . , Ly −
1}. To compute the entanglement entropy of the state, the
cylinder is cut into two halves and the Renyi entropy of the
first half is computed using a Metropolis-Hastings algorithm.
The topological entanglement entropy is extracted by varying
the size Ly of the cylinder.
We further illustrate this symmetry by computing the
Renyi entropy S
(2)
A = − ln Tr ρ2A, where ρA is the den-
sity matrix of the ψηq state restricted to the first half of
the square lattice on a cylinder (see Fig. 2). Since this
quantity is invariant under a change of basis |0〉 ↔ |1〉,
this quantity is the same for the states ψηq and ψ
q−η
q . As
an illustration we perform this computation by using a
Metropolis-Hastings Monte Carlo algorithm with two in-
dependent spin chains35,38,39 for q = 4 as shown in Fig. 3.
The states at η = q/2 are special with respect to this
transformation, since these states are particle-hole sym-
metric : the operators used to define these states are
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FIG. 3. Renyi entropy S
(2)
A of the first half of the cylinder
for the states ψη4 and ψ
4−η
4 on a square 12 × 12 lattice. The
symmetry axis is shown as a red dashed line. The states
at η = 1 and η = 3 have lattice filling factors 1/4 and 3/4
and correspond to the lattice versions of the ν = 1/4 and
ν = 3/4 Laughlin states. The state at η = 2 is particle-hole
symmetric on a half-filled lattice. The errors estimated from
the variation to the mean from Monte Carlo simulations with
different initial conditions are below 0.01 for all points.
: e±i
√
q/2 :. This is in particular the case for the bosonic
ψ12 state, as is the case for the bosonic ν = 1/2 Laughlin
state in the continuum. For larger values of q, the Laugh-
lin states in the continuum are not particle-hole symmet-
ric. However on the lattice we can change independently
the lattice filling factor µ to 1/2, which amounts to con-
sidering the states ψ
q/2
q (red stars in Fig. 1). Fig. 3 shows
that these state have lower entanglement entropy than
the states at η = 1. The properties of these states will
be investigated in more details in the following.
B. Correlations in the phase diagram
To investigate possible different phases in the (q, η)-
diagram, we start by computing the connected particle-
particle correlation function Cij ≡ 〈ninj〉 − 〈ni〉〈nj〉 in
the bulk of the system for a square lattice on the cylinder,
using a Metropolis-Hastings Monte Carlo algorithm. It is
found that the correlation function decays exponentially
with the distance for all values of q and η, except for q ≥ 5
at η = q/2. In Fig. 4, we explore the phase diagram by
using as parameter the correlation length estimated from
nearest-neighbours and next-nearest neighbours correla-
tions in the bulk of the system. More precisely we com-
pute a characteristic length, defined as
dηq =
1
ln(Ci(i+1))− ln(Ci(i+2)) , (12)
where i, i + 1 and i + 2 index neighbouring lattice sites
in the periodic direction that are located on a ring in the
middle of the cylinder. This parameter is an estimate on
how fast the correlations decay. When the decay is expo-
nential with a short correlation length, we observe numer-
ically that this quantity almost coincides with the corre-
lation length. When this characteristic length is larger,
further investigations are performed to characterize the
decay of correlations.
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FIG. 4. Characteristic length dηq (Eq. (12)) estimating the
correlation length of the ψηq states. The characteristic length
is computed for q integer and η integer and half-integer using
a Metropolis-Hastings algorithm on a square 12×12 (or 10×12
for q = 5) lattice on the cylinder. The decay is found to be
exponential everywhere, except when η = q/2, q ≥ 5.
We first observe that for a given q the correlation
length decreases when η goes away from the half-filling
point η = q/2. At η = 1, the correlation length also
decreases when q increases. At half-filling however, we
find that the states ψ2.55 and ψ
3
6 do not display exponen-
tially decaying correlations, although for η slightly dif-
ferent than q/2 the corresponding ψηq have exponentially
decaying correlations. In Fig. 5, we show the decay of
correlations in two dimensions (Fig. 5a) and along the
periodic direction of the cylinder (Fig. 5b) for the half-
filled states at different values of q. It is observed that for
q ≤ 4 the correlations decay exponentially. For q ≥ 6, the
states display clear long range anti-ferromagnetic corre-
lations. The properties of the states at these particular
points will be investigated in more details in Section IV.
For q = 5, the correlations decay and results on larger
sizes suggest that long range anti-ferromagnetic order is
also present at larger scales. In addition, we observe that
Monte-Carlo simulations at η = q/2 need more computa-
tional effort to converge, in part due to the larger number
of particles and in part due to the structure of the wave
functions (see Section IV for more details). The compu-
tations can be improved by exploiting the particle-hole
symmetry at these points to allow global change of con-
figurations respecting this symmetry in the Monte-Carlo
paths.
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FIG. 5. (a) Correlation function Cij between a fixed lattice
site i in the middle of the lattice and all other lattice sites j
in the state ψ
q/2
q on a square 8× 8 lattice on the cylinder.
(b) Absolute value of the correlation function |Ci(i+∆y)| be-
tween two lattice sites separated by a distance ∆y in the peri-
odic direction in the state ψ
q/2
q on a square 16× 16 lattice on
the cylinder. There is long range antiferromagnetic order for
q ≥ 6, while the correlations decay exponentially for q ≤ 4.
C. Topological entanglement entropy of the ψηq
states
In the continuum, the Laughlin state at filling fraction
ν = 1/q has a topological entanglement entropy of40
γ0(q) = ln(
√
q). (13)
To compute the topological entanglement entropy (TEE)
of the CFT states, we start with a lattice on the cylin-
der, cut the cylinder into two halves and compute the
Renyi entropy of the first half (Fig. 2). The size along
the cut is Ly and we use the behaviour of the entangle-
ment entropy41,42
S
(2)
Ly
= αLy − γ (14)
to extract the topological entanglement entropy γ, as
has already been done using Monte-Carlo simulations for
several chiral spin liquids for which the wave function
is known7,9,21,32. The results for the square lattice at
q = 4 and different values of η, shown in Fig. 6(a), con-
firm that the ψη4 have the same topological entanglement
entropy as the continuum Laughlin state at filling 1/4,
independently of the value of the lattice filling factor µ.
A particularly interesting case is the state ψ24 , defined
on a half-filled lattice : this state is particle-hole sym-
metric, but has the topological entanglement entropy of
the continuum Laughlin state at filling fraction ν = 1/4,
which itself is not particle-hole symmetric. The same ob-
servation remains true at q = 2 and q = 3, where the
particle-hole symmetric lattice state have the same topo-
logical entanglement entropy as the continuum Laugh-
lin state at ν = 1/q (see Fig. 6(b)). However, as we
have seen previously the states ψ
q/2
q for q larger than 5
on the square lattice have long range anti-ferromagnetic
correlations. They do not display non-trivial topological
behaviour, as will be clear from more investigations in
Section IV.
D. Statistics of quasiholes in the ψηq states
The previous results show that the ψηq states have sim-
ilar properties as the continuum Laughlin states. A fur-
ther tool that can be used to characterize the topological
nature of these states is the braiding properties of its
anyonic excitations, which can be computed easily when
the wave function as well as the quasihole excitations are
known analytically. In order to do this, we construct
wave functions for the ψηq states in the presence of local-
ized quasihole excitations43,44. We numerically test the
screening of quasiholes, which allows us to compute their
braiding properties and to confirm that these quasiholes
have the same statistics as the anyons in the continuum
Laughlin states.
Let us first start by defining wave functions for quasi-
holes, following Ref. 43. Consider Q quasiholes at posi-
tions wj , j ∈ {1, 2, . . . , Q}, with charge pj/q, where pj
is a positive integer. We denote P =
∑Q
i pi/q the total
charge of the quasiholes. At the position of each quasi-
hole, we attach a vertex operator
Wpj (wj) =: e
i
pj√
qφ(wj) : (15)
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FIG. 6. (a) Scaling of the Renyi entropy S
(2)
Ly
of the state
ψη4 on a Lx × Ly square lattice on the cylinder (Fig. 2). The
topological entanglement entropy of the Laughlin state at fill-
ing 1/4 (γ0(4) = ln(2) ≈ 0.693) is indicated with a red arrow.
The size Lx is taken to be 12, unless η = 2 in which case Lx
is 20. Larger sizes are taken when η = q/2, to account for the
longer correlation length and to get rid of finite size effects.
The black lines are linear fits and the values found for the
topological entanglement entropy when η equals to 0.5, 1, 1.5
and 2 are respectively 0.698, 0.734, 0.643 and 0.718.
(b) Scaling of the Renyi entropy S
(2)
Ly
for the states at half-
filling ψ12 and ψ
3/2
3 on the square lattice on the cylinder.
Here Lx is 12 for q = 2 and 20 for q = 3. The topologi-
cal entanglement entropy of the Laughlin state at filling 1/2,
γ0(2) ≈ 0.346 (resp. at filling 1/3, γ0(3) ≈ 0.549) is indicated
with a green (resp. blue) arrow. The values found for the
topological entanglement entropy are respectively 0.375 and
0.536.
and we consider the wavefunction given by
ψηq [w1, . . . , wQ](n1, . . . , nN ) ∝
〈Wp1(w1) . . .WpQ(wQ)Vn1(z1) . . . VnN (zN )〉. (16)
This expression evaluates to43
ψηq [p1(w1), . . . , pQ(wQ)](n1, . . . , nN ) ∝
δ′nξη
∏
i,j
(wi − zj)pinj
N∏
i<j
(zi − zj)qninj
N∏
i6=j
(zi − zj)−ηni
×
N∏
i<j
(wi − wj)pipj/q
∏
i,j
(wi − zj)−pi/q, (17)
where δ′n is zero unless the number of particles is
M =
∑
i
ni = η
N
q
− P. (18)
In the thermodynamic limit, it can be shown43,44 that
this wave function for quasiholes is an analog of the
wave function for quasiholes of Laughlin states in the
continuum34, but with the position of the particles re-
stricted to the lattice sites.
It was observed43,44 that the anyonic statistics of the
quasiholes can be computed by looking at the density of
the state. Indeed, when the change of density due to the
quasiholes is localized around the position of the quasi-
holes, then the Berry phase is zero43,44 and therefore the
statistics is governed by the monodromy, i.e. the change
obtained from analytical continuation of the wave func-
tion when the quasiholes move around each other. For
two quasiholes of charge pi and pj when the ith quasihole
is moved in the counter-clockwise direction around the
jth quasihole, the monodromy is e
2piipipj/q, which corre-
sponds to the statistics expected for quasihole excitations
of the Laughlin state at ν = 1/q.
It therefore remains to be checked whether the change
of density due to the presence of a quasihole is localized
for any value of η. In Fig. 7 we give numerical evidence
that this is the case for different values of η at q = 4.
We also show that the quasiholes are localized even for
larger values of q (at least up to q = 10) at η = 1, so
that these wave functions may describe lattice Laughlin
states for such q. However at q = 10 and half-filling of
the lattice (η = 5), we find that there is no screening
of the quasihole of charge 1/q. This is an additional
indication that for large q and at half-filling of the lattice
the states do not display the same topological properties
as for lower fillings.
IV. STATES AT HALF-FILLING : FROM
LONG-RANGE ORDER ON THE SQUARE
LATTICE TO TOPOLOGICAL ORDER ON
FRUSTRATED LATTICES
So far we have investigated the properties of the states
on a square lattice. As we have seen, the states on this
lattice are lattice versions of the continuum Laughlin
states, except at half-filling when q ≥ 5 where the states
display long-range anti-ferromagnetic order. We now fo-
cus on these particular values of the parameters and in-
vestigate this effect in more details. We show that on the
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FIG. 7. Difference in the density 〈ni〉qh − 〈ni〉 between the
state ψηq with one quasihole of charge 1/q and one quasihole
of charge (q − 1)/q and the state ψηq without quasiholes on
a square 20 × 20 (or 12 × 12 for q = 10, η = 5) lattice on
the cylinder. The coordinates wj of the quasiholes are placed
in the center between 4 lattice sites (xj = 10.5, yj = 5.5 for
the quasihole with charge (q − 1)/q and xj = 10.5, yj = 15.5
for the quasihole with charge 1/q) and are visible in blue as
a lack of density on the neighbouring sites. At q = 4, it is
found for all values of η that the quasiholes are localized. For
q = 10 however, the quasiholes are localized when η = 1, but
at half-filling (η = 5) we observe that there is no splitting of
the charge between a quasihole of charge 1/q and a quasihole
of charge (q − 1)/q and thus no screening of the quasiholes.
square lattice these states are well described by a simple
combination of two Ne´el states that explain the behaviour
of the correlations. We then turn to frustrated lattices
and show that long-range order is not present on these
lattices and that the expected topological behaviour is
recovered.
A. Long range antiferromagnetic order and Ne´el
states
The correlations previously computed show that for
large values of q and η = q/2, the state on the square lat-
tice has long range anti-ferromagnetic correlations remi-
niscent of Ne´el states. To understand this, let us look at
the behaviour in the limit of infinite q. The dominating
term in the wave function has the form
∏
i<j(zi−zj)qninj ,
and only terms where the two positions zi and zj are oc-
cupied by a particle contribute to the wave function. The
main contribution to the wave function therefore comes
from states that maximize the product of the distances
between pairs of particles on the lattice. In the infinite q
limit, only the states maximizing this product contribute
to the wave function and the contribution of the other
terms is suppressed. Since the lattice is half-filled, it is
not possible to put particles too far apart to maximize
this product. For the square lattice, the maximum is
obtained when lattice sites alternate between empty and
occupied sites in a checkerboard pattern. There are two
such possibilities, corresponding to the two Ne´el states,
that we denote ψ1Ne´el and ψ
2
Ne´el and that are related by
particle-hole transformation.
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FIG. 8. Overlap, defined as Oq ≡ |〈ψ1Ne´el|ψq/2q 〉|2 +
|〈ψ2Ne´el|ψq/2q 〉|2, between the state at half-filling ψq/2q and the
two Ne´el states, computed using a Metropolis-Hastings algo-
rithm on a square lattice of size Nx×Nx on the cylinder. The
errors from the Monte Carlo simulations are below 0.02 for all
points.
To investigate how much these two Ne´el states con-
tribute to the wave function, we compute the overlaps
between each Ne´el state and the state ψ
q/2
q for differ-
ent lattice sizes (see Fig. 8). For large values of q, it is
found that Oq ≡ |〈ψ1Ne´el|ψq/2q 〉|2 + |〈ψ2Ne´el|ψq/2q 〉|2 is close
to one, which shows that the wave function is almost a
simple superposition of ψ1Ne´el and ψ
2
Ne´el. For smaller val-
ues of q, this quantity goes rapidly to zero, while there
is a transition in the range 5 ≤ q ≤ 7 where the over-
lap goes to zero but remains high, especially considering
the size of the Hilbert space for the lattices considered.
This explains the behaviour of the correlations, which de-
cay exponentially for small q but have long range order
for large q. For other bipartite lattices which can sup-
port Ne´el states the argument given for infinite q remains
valid, so we expect a behaviour similar as for the square
lattice. However the transition range might happen for
different values of q.
9B. Frustration destroys the antiferromagnetic
order
Let us note that the two Ne´el states can arise because
of the geometry of the square lattice. In this particular
case, strong lattice effects at half-filling can give rise to
antiferromagnetic behaviour. On frustrated lattices, we
cannot define two Ne´el states respecting the symmetries
of the lattice. We therefore now turn on to investigations
of the ψ
q/2
q on the triangular and Kagome lattices. Fig. 9
shows evidence that the particle-particle correlations on
the triangular and Kagome lattices decay exponentially
with the distance even for q = 6, in sharp contrast with
the behavior on the square lattice.
Since the states are defined as a function of the posi-
tions zi of the lattice points, we can study the transition
between the square and the triangular lattice by chang-
ing continuously the coordinates zi to interpolate linearly
between a square lattice and a triangular lattice on the
cylinder (Fig. 10). The decay of correlations for q = 6 is
shown in Fig. 11 for different values of the interpolation
parameter τ . We observe that the correlations decay ex-
ponentially when the lattice is close to a triangular lattice
(0.7 ≤ τ ≤ 1), while there is a transition towards anti-
ferromagnetic order when the lattice gets closer to the
square lattice. This confirms the importance of the ge-
ometry of the lattice in the study of the wave functions
ψ
q/2
q .
C. Topological entanglement entropy on the
triangular lattice
It was shown previously that the long range order was
destroyed on frustrated lattices. We might therefore won-
der whether these half-filled states on the triangular lat-
tice have the same topological properties as the contin-
uum Laughlin states at filling fraction ν = 1/q. We com-
pute in Fig. 12 the topological entanglement entropy of
the state ψ
q/2
q on the triangular lattice and show that its
value is compatible with the value for the corresponding
continuum Laughlin states at q = 2, 4 and 6. Particle-
hole symmetric lattice Laughlin states with topological
order on the triangular lattice may therefore be described
by these wave functions.
V. EDGE STATES FROM A CHARGE AT
INFINITY
In this section we define wave functions for edge
states of the lattice Laughlin states. These states are
constructed using a charge operator placed at infinity
and their wave functions have the same expression as
the lattice Laughlin states, except that the number of
particles is different. They have the same correlations as
the ψηq states in the bulk but a different density at the
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FIG. 9. (a) Correlation function Cij between a fixed lattice
site i in the middle of the lattice and all other lattice sites j
in the state ψ
q/2
q on a triangular and Kagome lattice on the
cylinder.
(b) Absolute value of the correlation function |Ci(i+∆y)| be-
tween two lattice sites separated by a distance ∆y in the peri-
odic direction in the state ψ
q/2
q on a triangular 16× 16 lattice
on the cylinder.
Unlike on the square lattice for the same parameters, there is
no long range order.
edge, as we shall see below.
As we have seen previously, the presence of quasiholes
affects the number of particles in the lattice, and hence
also the filling factor µ of the lattice. However, since
the quasiholes are localized, the density is affected lo-
cally and far from any quasihole the density stays equal
to µ. Let us investigate the effect of inserting in the
10
FIG. 10. Positions of the coordinates of the lattice sites along
the interpolation between a square and a triangular lattice.
The coordinates along the periodic direction yj are kept fixed
to keep the periodicity, while the coordinates along the other
direction xj are linearly interpolated between the square (τ =
0) and the triangular (τ = 1) lattice. The coordinates on the
plane are then zj = e
2pi
Ly
(xj+iyj), as in Fig. 2.
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FIG. 11. Absolute value of the correlation function |Ci(i+∆y)|
between two lattice sites separated by a distance ∆y in the
periodic direction in the state ψ36 on a 16× 16 lattice interpo-
lating between the square (τ = 0) and the triangular (τ = 1)
lattice on the cylinder.
correlator defining the wave function a single operator
Wp(∞) =: ei
p√
qφ(∞) : of charge p/q, p integer, when the
position of the operator is taken to infinity. When the
lattice is mapped to the cylinder, this amounts to having
a charge at infinity on the axis of the cylinder (Fig. 13).
We suppose here that we start with a state at η = 1, so
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FIG. 12. (b) Scaling of the Renyi entropy S
(2)
Ly
for the states
at half-filling ψ12 , ψ
2
4 and ψ
2
6 on a triangular lattice on the
cylinder. Here Lx is taken to be 16. The topological entan-
glement entropy of the continuum Laughlin state at q = 2
(resp. q = 4, q = 6) is indicated with a blue (resp. red,
green) arrow. The values found for the topological entangle-
ment entropy are respectively 0.347, 0.723 and 0.907.
the wave function is
ψ1q [p(∞)] ∝ lim
w→∞δ
′
n
∏
j
(w − zj)pnj
N∏
i<j
(zi − zj)qninj
×
N∏
i 6=j
(zi − zj)−ni ,
∝ lim
w→∞δ
′
nw
p(N−p)/q
N∏
i<j
(zi − zj)qninj
N∏
i 6=j
(zi − zj)−ni ,
∝ δ′n
N∏
i<j
(zi − zj)qninj
N∏
i6=j
(zi − zj)−ni , (19)
where δ′n is zero unless the number of particles is
M =
∑
i
ni =
N − p
q
. (20)
We denote this state ψ1q [p]∞. It has exactly the same
expression for the wave function as the state ψ1q , except
that the number of particles has been modified to N−pq .
In the particular case p = N(1− η), then the wave func-
tions ψ1q [p]∞ and ψ
η
q have the same lattice filling factor
µ = η/q and differ only by an η exponent in the last term
of the wave function.
We show in Fig. 13 that these two states differ in their
density : the density of the ψ12 [p]∞ state on the cylinder
is the same as the density of the ψ12 state (1/2) in the
bulk, but is modified on the edge to account for the dif-
ferent total number of particles. This modification of the
density is exponentially decaying from the edge towards
the bulk of the system. This is in contrast with the den-
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FIG. 13. (a) Square 12 × 12 lattice on the cylinder with a
charge (here p = −6) at infinity. The colors show the density
of the state ψ12 [p]∞. The state with zero charge at infinity ψ
1
2
has uniform density 1/2 but here the density is modified at
the edge to account for the change of total particle number.
(b) Difference of density between the ψ12 [p]∞ states and the
ψ12 state with respect to the distance to the edge ∆x. Values
below 2 × 10−4 are not converged. The change of density is
exponentially localized at the edge.
sity of the ψη2 state with the same number of particles,
which has a roughly uniform density of η/q.
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FIG. 14. Absolute value of the correlation function |Ci(i+∆y)|
between two lattice sites in the bulk (middle of the cylinder)
separated by a distance ∆y in the periodic direction on a
square 12× 12 lattice on the cylinder. The states considered
here are the ψ1q [p]∞ state for different values of p. When
p = 0, the state is simply the ψ12 state, while it is found that
the other states have the same correlations.
In addition, we give numerical evidence in Fig. 14 that
the states ψ12 [p]∞ and ψ
1
2 have the same particle-particle
correlations in the bulk. Therefore the ψ12 [p]∞ states can
be understood as edge states with respect to the ψ12 wave
function, since they differ from it only at the edge.
The properties investigated here are similar to the
properties of the edge states defined in Ref. 33, but their
construction and wave functions are different.
Note that on the cylinder it is also possible to describe
edge states on the other edge by choosing the position
of the charge to be 0 instead of infinity. Since the co-
ordinates of the lattice on the cylinder as well as the
coefficients of the wave functions are invariant under a
transformation z → 1/z, this simply amounts to flipping
the two sides of the cylinder and as such will not change
the properties of the states.
VI. DERIVATION OF PARENT
HAMILTONIANS
In this section we derive exact parent Hamiltonians
of the lattice Laughlin states. We start by deriving a
parent Hamiltonian for which the ψ1q [p]∞ edge states are
ground states with different number of particles. The lat-
tice Laughlin state ψ1q is the unique ground state of this
Hamiltonian with lattice filling factor 1/q. We then pro-
vide a general method for deriving the parent Hamilto-
nian of a state when we already know the parent Hamilto-
nian for a different state which differs from the first only
by a product of single-body operators. This allows us to
obtain parent Hamiltonians of the ψηq states when η ≤ 1
or η ≥ q− 1. Compared to the approach used to connect
Hamiltonians in the lattice and in the continuum limit in
Ref. 44, our Hamiltonians do not increase in complexity
when we go from the lattice to the continuum limit, since
only the coupling strengths need to be changed with η.
We finally consider the states at half-filling and derive a
parent Hamiltonian for the ψ24 state. Fig.15 shows the
diagram of the states and the values of the parameters
for which parent Hamiltonians are obtained.
A. Parent Hamiltonian for the edge state ψ1q [p]∞
Let us start by deriving parent Hamiltonians for the
edge states ψ1q [p]∞. This state is defined by introducing
a charge operator in the wave function and taking the
position of this operator going to infinity :
ψ1q [p]∞(n1, . . . , nN ) ∝ 〈Wp(∞)Vn1(z1) . . . VnN (zN )〉.
(21)
In Ref. 43, an exact parent Hamiltonian was derived for
states written in this form when p > 0. We follow here
the same procedure and extend this result to p > −q.
The starting point is to consider a field χ(w) defined as
χ(w) =
∮
w
dz
2pii
1
z − w [G
+(z)V−(w)− qJ(z)V+(w)],
(22)
12
0 1 2 3 4 5 6
1
2
3
4
5
6
FIG. 15. Diagram of the ψηq states. The blue lines and
dots represent values of the parameters for which exact par-
ent Hamiltonians are derived in this section. The light blue
line represents values of the parameters for which the parent
Hamiltonians derived have a degenerate ground state on the
plane.
where G+(z) =: ei
√
qφ(z) :, J(z) = i∂zφ/
√
q, V−(z) =
V0(z) and V+(z) = (−1)(j−1)V1(z) (here we assume η =
1). χ(w) is a null field9,43, so the correlator with this
field inserted vanishes :
〈Wp(w)Vn1(z1) . . . Vni−1(zi−1)χ(zi)
×Vni+1(zi+1) . . . VnN (zN )〉 = 0. (23)
As derived in more details in Appendix A, this equation
can be rewritten, when p > −q, as
Λi|ψ1q [p(w)]〉 = 0, (24)
where
Λi =
∑
j(6=i)
1
zi − zj [dj − di(qnj − 1)]−
p
zi − wdi. (25)
Here dj is the hardcore boson (resp. fermion) annihila-
tion operator for q even (resp. odd), and nj = d
†
jdj is the
number of particles at site j. Taking the limit w → ∞,
so that the charge is at infinity, leads to
Λi|ψ1q [p]∞〉 = 0, (26)
where
Λi =
∑
j(6=i)
1
zi − zj [dj − di(qnj − 1)]. (27)
This leads to H|ψ1q [p]∞〉 = 0, where
H =
∑
i
Λ†iΛi (28)
is a positive semi-definite operator annihilating the wave
function ψ1q [p]∞. Here we note that there is no depen-
dence on p in this Hamiltonian. This means that the
Hamiltonian H has a degenerate ground space contain-
ing all the ψ1q [p]∞ edge states for p > −q. These states
have however different total number of particles, and in
physical settings where the number of particles is fixed
only one of these states would be ground state of the
corresponding Hamiltonian. A particular ground state
of this Hamiltonian is the state at p = 0, which is the
ψ1q Laughlin state, corresponding to the ground state at
filling factor µ = 1/q. Moreover we have checked numer-
ically for small lattice sizes that H has only one ground
state for each subspace with fixed number of particles.
B. Parent Hamiltonians for ψηq states
Let us now turn to the derivation of parent Hamilto-
nians for the ψηq states. The first observation is that the
ψηq states differ from the ψ
1
q [p]∞ states with p = N(1−η)
only by a factor
∏N
i 6=j(zi − zj)(η−1)ni . We will use our
previous result and account for this factor at the level of
the Hamiltonian. Let us denote T the operator
T =
∏
i
 N∏
j(6=i)
(zi − zj)(η−1)
ni ,
=
∏
i
βnii , (29)
where we have defined βi =
∏N
j( 6=i)(zi − zj)(η−1). Then
T |ψηq 〉 = |ψ1q [p]∞〉, (30)
and using Eq.(26),
T−1ΛiT |ψηq 〉 = 0. (31)
Notice first that
T−1djT =
∏
l
β−nll dj
∏
m
βnmm ,
= β
−nj
j djβ
nj
j ,
= βjdj . (32)
This means that we can rewrite T−1ΛiT as
Λ′i ≡ T−1ΛiT,
=
∑
j( 6=i)
1
zi − zj [βjdj − βidi(qnj − 1)]. (33)
Finally we get that the state ψηq is a ground state of the
Hamiltonian
Hηq =
∑
i
Λ
′†
i Λ
′
i, (34)
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and exact diagonalization on small systems shows that
it is its only ground state of total number of particle
M = ηNq . Note that in this derivation we assumed
p > −q to be able to use the Hamiltonian for the edge
state ψ1q [p]∞. This implies that this derivation is valid
whenever N(1− η) > −q, in other words η < 1 + qN . In
the thermodynamic limit, the Hamiltonian is therefore
valid for η ≤ 1 (see Fig. 15).
C. Parent Hamiltonians for the states at q = 4
The parent Hamiltonians derived in the previous sec-
tion are valid for η < 1 + qN , and are therefore not valid
for all the values of η, unless q = 2. In this section we
derive a Hamiltonian valid for all values of η at q = 4.
We first concentrate on the half-filled case q = 4, η = 2.
Using a similar procedure as in Section VI A we de-
rive in Appendix B an operator Ωi annihilating the wave
function ψ24 :
Ωi =
∑
j(6=i)
∑
k(6=j)
1
zk − zj nidjsk, (35)
where dj is the bosonic annihilation operator at site j,
ni = d
†
idi and sk = 2nk−1 is the corresponding spin-1/2
degree of freedom at site k. In the rest of this section we
will use both the notations nk and sk for brevity.
In addition, the wave-function is particle-hole sym-
metric and is also annihilated by the particle-hole trans-
formed operator
Ω¯i = −
∑
j(6=i)
∑
k( 6=j)
1
zk − zj (1− ni)d
†
jsk, (36)
where we have replaced all dl by d
†
l , d
†
l by dl and nl by
1− nl (or sl by −sl).
Finally we define a Hamiltonian
H24 =
∑
i
[
Ω†iΩi + Ω¯
†
i Ω¯i
]
, (37)
which gives
H24 =
∑
i
∑
j,l( 6=i)
∑
k(6=j)
∑
m( 6=l)
1
(z∗k − z∗j )(zm − zl)
× sk
(
nid
†
jdl + (1− ni)djd†l
)
sm, (38)
which can be expended and simplified, up to a global
irrelevant real factor, as
H24 =
∑
j,l
∑
m(6=l)
k(6=j)
1
(z∗k − z∗j )(zm − zl)
sk
(
d†jdl + djd
†
l
)
sm,
(39)
which is a 4-body Hamiltonian for the state ψ24 . Note
that since the state ψ24 is equivalent to the SO(2) spin
state defined in Ref 45, this derivation also provides a
parent Hamiltonian for this case which was left open.
Replacing the operators dj in Eq.(35) by βjdj as in
VI B now leads to operators annihilating the ψη4 wave
function for any value of η, and thus to parent Hamil-
tonians for these states. We observe however numeri-
cally that this construction does not always give a sin-
gle ground state of the parent Hamiltonian when η 6= 2
(see Fig.15). The same construction cannot be applied
to other values of q at half-filling, since for q odd there
are branch cuts appearing in the null fields such that no
operator annihilating the wave function can be derived
in this way. For larger even values of q, the operator
product expansions lead to more terms involving deriva-
tive of the fields and these cannot be simplified to involve
derivatives of the wave function, as was done here when
q = 4.
D. Conformal transformations of the parent
Hamiltonians
The wave functions defined from correlators of confor-
mal fields are invariant under general Mo¨bius transfor-
mations of the lattice coordinates :
M : z → az + b
cz + d
, ad− bc = 1. (40)
This is not the case of the Hamiltonians derived previ-
ously. In this section we show that there is in fact a class
of Hamiltonians annihilating the lattice Laughlin states.
These Hamiltonians are related by conformal transfor-
mations and some of them have the same symmetries as
the lattices considered in this work, but there is no non-
zero Hamiltonian that is invariant under all conformal
transformations.
The first observation is that the operators annihilating
the wave functions have the form Γi =
∑
j(6=i) λijfij ,
where fij does not depend on the coordinates zi and
λij = 1/(zi−zj). We show in Appendix C that the space
of operators annihilating the wave functions that can be
obtained by applying Mo¨bius transformations and mul-
tiplying by constant factors the operator Γi is the space
of operators
Γαβγi =
∑
j(6=i)
(αλij + βκij + γρij) fij , (41)
where α, β and γ are complex numbers and κij =
zizj
zi−zj , ρij =
zi+zj
zi−zj . It is also shown that in the
class of Hamiltonians obtained from Γαβγi , there is
no non-zero Hamiltonian invariant under all conformal
transformations, while the Hamiltonians of the form∑
i
∑
k(6=i)
∑
j(6=i) ρ
∗
kjρijf
†
kjfij are invariant under the
symmetries of the lattice on the cylinder (Fig. 2). This
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result can be applied to all the parent Hamiltonians de-
rived in this paper to make them invariant under the
symmetry transformations of the cylinder.
VII. CONCLUSION
This work studies lattice versions of Laughlin wave
functions with number of particles per flux ν = 1/q for
bosons and fermions on arbitrary lattices with filling fac-
tor µ = η/q, thus allowing to investigate lattice effects
all the way along the interpolation between the contin-
uum limit and the completely filled lattice. These wave
functions ψηq are defined as correlators from CFT fields
and can be investigated numerically using Monte-Carlo
techniques.
The phase diagram in the (q,η) plane was established
by computing correlations, topological entanglement en-
tropies and braiding properties of localized quasihole ex-
citations. When the lattice is not half-filled, it was shown
on the square lattice that the lattice Laughlin states
have the same topological properties as the continuum
Laughlin state. When the lattice is half-filled, the states
have the additional property that they are symmetric
under particle-hole transformation. In this case we ob-
served that on the square lattice the states for q ≤ 4 still
share the same topological properties as the continuum
Laughlin states, but that the states for q ≥ 5 are anti-
ferromagnets with long-range order. This effect does not
persist if the lattice is deformed from a square to a tri-
angular lattice, or on the Kagome lattice, in which case
frustration destroys the long-range order and the topo-
logical properties of the state are recovered.
We then defined edge states wave functions for these
lattice Laughlin states. These edge states are defined
by changing the number of particles while keeping the
expression of the wave function identical, which is equiv-
alent to introducing a charge operator at infinity in the
state. Numerical investigations showed that these edge
states have a modified density at the edge, but share
the same correlations in the bulk as the lattice Laughlin
states.
An exact parent Hamiltonian for which all these edge
states are ground states with different number of parti-
cles was derived. In addition this Hamiltonian admits
the lattice Laughlin state ψ1q as its unique ground state
of filling factor 1/q. We then constructed parent Hamil-
tonians for the lattice Laughlin states at other fillings of
the lattice, when µ ≤ 1/q or µ ≥ (q − 1)/q, which sig-
nificantly extends the group of lattice FQH models for
which parent Hamiltonians can be found. In addition we
also derived parents Hamiltonians for the state at q = 4
for any filling factor of the lattice. We showed more gen-
erally that there is a class of Hamiltonians having the
lattice Laughlin states as their ground state and that it
was possible to find a Hamiltonian in this class that has
the symmetries of the lattice on the cylinder, but not a
Hamiltonian that is invariant under all conformal trans-
formations of the lattice.
These parent Hamiltonians have long-range interac-
tions and are difficult to implement in experiments, which
raises the question whether there exist local Hamiltoni-
ans having the lattice Laughlin states as their ground
state. It was already shown that this is the case for the
state ψ12 in Ref. 10 and a numerical procedure to deform
long-range parent Hamiltonians such as the ones derived
in this work was given in Ref. 21. We note that one can-
didate for realizing the ψ
2/3
2 state would be the Hamilto-
nian investigated in Ref. 28 on the Kagome lattice.
It is in general not clear how a lattice may affect the
properties of Fractional Quantum Hall wave functions.
In the present work we provided a model that allows us
to consider all lattice filling factors from the continuum
limit to the almost filled lattice and to check that the
properties of the Laughlin states remain the same except
for very special cases. This procedure can also be ap-
plied to other Fractional Quantum Hall states that are
constructed from wave functions on lattices. It is inter-
esting because it shows that such Fractional Quantum
Hall states could possibly be realized in settings where
lattice effects are strong and the number of particles per
lattice much larger than ν = 1/q, especially on frustrated
lattices, thus increasing the chance to find new models
displaying Fractional Quantum Hall physics. In addi-
tion, we showed that by looking at the screening prop-
erties of a quasihole wave function, we could probe the
topology of the ground state wave function and construct
the phase diagram. This method can therefore be used
as a tool to probe topology in cases where an ansatz for
the quasiparticle excitations is known.
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Appendix A: Operators annihilating the ψ1q [p]∞ wave
functions
In this section we obtain operators annihilating the
ψ1q [p]∞ wave functions by extending the procedure of
Ref. 43 to p > −q, p integer. It was shown in Ref. 9
that
χ(w) =
∮
w
dz
2pii
1
z − w [G
+(z)V−(w)− qJ(z)V+(w)],
(A1)
is a null field, where G+(z) =: ei
√
qφ(z) :, J(z) =
i∂zφ/
√
q, V−(z) =: e
−i 1√qφ(z) : and V+(z) =: e
i q−1√q φ(z) :.
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The correlator with this field inserted vanishes :
〈Ww(∞)Vn1(z1) . . . Vni−1(zi−1)χ(zi)
×Vni+1(zi+1) . . . VnN (zN )〉 = 0. (A2)
This expression is the sum of two terms,∮
zi
dz
2pii
1
z − zi 〈Wp(w)Vn1(z1) . . . Vni−1(zi−1)
×G+(z)V−(zi)Vni+1(zi+1) . . . VnN (zN )〉,
(A3)
and
−q
∮
zi
dz
2pii
1
z − zi 〈Wp(w)Vn1(z1) . . . Vni−1(zi−1)
×J(z)V+(zi)Vni+1(zi+1) . . . VnN (zN )〉.
(A4)
The second term, multiplied by
(−1)i−1|n1, . . . , ni−1, 0, ni+1, . . . , nN 〉 and after summa-
tion of all nk, gives
43
−
∑
j( 6=i)
1
zi − zj di(qnj − 1) +
p
zi − wdi
 |ψ1q [p(w)]〉,
(A5)
where dj is the hardcore boson (resp. fermion) annihila-
tion operator for q even (resp. odd), and nj = d
†
jdj is the
number of particles at site j. The first term instead be-
comes, after deforming the contour integral around each
zj ,
−
∮
w
dz
2pii
1
z − zi 〈Wp(w)Vn1(z1) . . . Vni−1(zi−1)
×G+(z)V−(zi)Vni+1(zi+1) . . . VnN (zN )〉
−
∑
j 6=i
∮
zj
dz
2pii
1
z − zi 〈Wp(w)Vn1(z1) . . . Vni−1(zi−1)
×G+(z)V−(zi)Vni+1(zi+1) . . . VnN (zN )〉.
(A6)
The sum in the second term has been com-
puted in Ref. 43 and gives, after multiplication by
(−1)i−1|n1, . . . , 0, . . . , nN 〉,∑
j(6=i)
1
zi − zj dj |ψ
1
q [p(w)]〉. (A7)
The last remaining term is
−(−1)i−1+p
∑
ni
δni=0
∮
w
dz
2pii
(−1)q
∑i−1
k=1 nk
z − zi
× 〈G+(z)Wp(w)Vn1(z1) . . . VnN (zN )〉, (A8)
where we have commuted G+(z) in front of the correla-
tor. Since we know the expression of the correlator, we
can compute the contour integral. The expression then
simplifies to
−(−1)i−1+pδp<0
∑
ni
ni
1
(−p− 1)! (w − zi)
−p
×
∏
k( 6=i)
(zi − zk)−(qnk−1)
× lim
z→w
d−p−1
dz−p−1
∏
j
(z − zj)qnj−1−(q+1)δij
× 〈Wp(w)Vn1(z1) . . . VnN (zN )〉. (A9)
Now observe that this expression is zero when p > 0
(due to the first delta factor), but also when p > −q (due
to the derivative and the exponent of the polynomial).
This shows that when p > −q, this term does not con-
tribute and the resulting expression is given by summing
Eq. (A5) and Eq. (A7), which leads to
Λi|ψ1q [p(w)]〉 = 0, (A10)
where
Λi =
∑
j(6=i)
1
zi − zj [dj − di(qnj − 1)]−
p
zi − wdi. (A11)
Appendix B: Operators annihilating the ψ24 wave
function
In this section we obtain operators annihilating the ψ24
wave function. Using the fields defined in Section VI A,
we have for q = 4 and η = 2 the following operator
product expansions :
G+(z)V−(w) =
1
(z − w)2 e
i(2φ(z)−φ(w)),
∼ 1
(z − w)2 e
iφ(w) +
1
(z − w)2i∂φ(w)e
iφ(w)
∼ 1
(z − w)2V+(w) +
1
(z − w)2∂V+(w),
(B1)
so that
G+(z)Vnj=0(w) ∼
1
(z − w)2Vnj=1(w)
+
1
(z − w)2∂Vnj=1(w), (B2)
G+(z)Vnj=1(w) ∼ 0. (B3)
The field
χ2(w) =
∮
w
dz
2pii
G+(z)V+(w) (B4)
is therefore a null field. We can now use the fact that the
correlator with the field inserted vanishes :
〈Vn1(z1) . . . Vni−1(zi−1)χ(zi)
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× Vni+1(zi+1) . . . VnN (zN )〉 = 0. (B5)
This can be rewritten as∮
zi
dz
2pii
〈Vn1(z1) . . . G+(z)V+(zi) . . . VnN (zN )〉
=
∮
∞
dz
2pii
〈Vn1(z1) . . . G+(z)V+(zi) . . . VnN (zN )〉
−
∑
j(6=i)
∮
zj
dz
2pii
〈Vn1(z1) . . . G+(z)V+(zi) . . . VnN (zN )〉,
(B6)
where we have deformed the contour integral around the
positions zj . The contour integral at infinity can be com-
puted by evaluating the correlator, which leads to a zero
contribution. The remaining part can be transformed by
observing that the operatorsG+(z) and V±(zj) commute,
so that
−
∑
j(6=i)
∮
zj
dz
2pii
〈Vn1(z1) . . . G+(z)V+(zi) . . . VnN (zN )〉
= −
∑
j( 6=i)
∮
zj
dz
2pii
〈Vn1(z1) . . . G+(z)Vnj (zj) . . .
× V+(zi) . . . VnN (zN )〉
= −
∑
j( 6=i)
∮
zj
dz
2pii
∑
n′j
dnjn′j
(z − zj)2 〈Vn1(z1) . . . Vn
′
j
(zj) . . .
× V+(zi) . . . VnN (zN )〉
−
∑
j(6=i)
∮
zj
dz
2pii
2
∑
n′j
dnjn′j
z − zj 〈Vn1(z1) . . . ∂Vn
′
j
(zj) . . .
× V+(zi) . . . VnN (zN )〉,
(B7)
where we have moved the operator G+(z) to position j
and applied the operator product expansion in Eq. (B2).
dnjn′j are the matrix elements of the bosonic annihilation
operator dj at site j (d00 = d11 = d10 = 0, d01 = 1),
so that only terms having a non-zero operator product
expansion contribute to this expression. The contour in-
tegral evaluated in the first term gives zero, so that we
are left with
− 2
∑
j(6=i)
∑
n′j
dnjn′j 〈Vn1(z1) . . . ∂Vn′j (zj) . . .
× V+(zi) . . . VnN (zN )〉
= −2
∑
j( 6=i)
∑
n′j
dnjn′j
∂
∂zj
〈Vn1(z1) . . .
× Vn′j (zj) . . . V+(zi) . . . VnN (zN )〉
= −2
∑
j( 6=i)
∑
n′j
dnjn′j
∂
∂zj
ψ24(n1, . . . , n
′
j , . . .
. . . , ni = 1, . . . , nN ), (B8)
where we have used the expression of the wave function
ψ24 as a correlator of fields. Let us now compute the
derivative of the wave function :
∂
∂zj
ψ24(n1, . . . , n
′
j , . . . , ni = 1, . . . , nN )
= ψ(n1, . . . , nN )
∂
∂zj
ln(ψ24(n1, . . . , nN ))
= ψ(n1, . . . , nN )
∂
∂zj
∑
k(<j)
sks
′
j ln(zk − zj)
+
∑
k(>j)
sks
′
j ln(zj − zk)

= ψ(n1, . . . , nN )
∑
k(6=j)
sks
′
j
−1
zk − zj
 , (B9)
where sk = 2nk − 1, s′j = 2n′j − 1 are the corresponding
spin-1/2 degree of freedom at site k and j. In the rest
of this section we will use both the notations nk and sk
for brevity. Note that k can be equal to i in this sum, in
which case si = 1 since ni = 1. The previous expression
becomes
2
∑
j( 6=i)
∑
n′j
dnjn′j
∑
k(6=j)
sks
′
j
1
zk − zj ψ
2
4(n1, . . . , n
′
j , . . .
. . . , ni = 1, . . . , nN )〉. (B10)
Since this expression is zero unless nj = 0 and n
′
j = 1, we
can replace s′j by 1. To take into account the fact that
this expression evaluates to 0 when ni = 0, we introduce
the number operator ni and write the expression as
2
∑
j(6=i)
∑
n′j
dnjn′jni
∑
k(6=j)
sk
1
zk − zj ψ
2
4(n1, . . . , n
′
j , . . .
. . . , ni, . . . , nN )〉, (B11)
which when multiplied by the basis elements |n1, . . . , nN 〉
and summed over all nk leads to∑
j(6=i)
∑
k( 6=j)
1
zk − zj nidjsk|ψ
2
4〉. (B12)
We started with the fact that this expression was zero,
so the operator
Ωi =
∑
j(6=i)
∑
k( 6=j)
1
zk − zj nidjsk (B13)
annihilates the wave function ψ24 .
Appendix C: Conformal transformations of the
parent Hamiltonians
In this section we discuss the properties of the par-
ent Hamiltonians obtained in this work under conformal
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transformations of the coordinates zi. We will use the
notations :
λij =
1
zi − zj , κij =
zizj
zi − zj , ρij =
zi + zj
zi − zj . (C1)
If an operator Γi has the form Γi =
∑
j( 6=i) λijfij , where
fij does not depend on the coordinates zi, then it is trans-
formed under a Mo¨bius transformation M as
Γi →
∑
j(6=i)
(
d2λij + c
2κij + cdρij
)
fij . (C2)
If Γi annihilates a wave function that is invariant under
M , then
∑
j(6=i) κijfij annihilates the same wave func-
tion (choice c = 1, d = 0 in the previous equation). Since
ρij = ziλij+
1
zi
κij , then
∑
j(6=i) ρijfij also annihilates the
wave function. Noting that the composition of Mo¨bius
transformations is a Mo¨bius transformation, the space
of operators annihilating the wave function that can be
obtained by applying Mo¨bius transformations and mul-
tiplying by constant factors the operator Γi is therefore
the space of operators
Γαβγi =
∑
j(6=i)
(αλij + βκij + γρij) fij , (C3)
where α, β and γ are complex numbers. An operator
in this space is invariant under M when the following
conditions are satisfied :
α = d2α+ b2β + 2bdγ,
β = c2α+ a2β + 2acγ, (C4)
γ = cdα+ abβ + (ad+ bc)γ.
Note that since the Hamiltonians we construct have the
form
∑
i Γ
†
iΓi, these conditions only need to be satisfied
up to a phase for the Hamiltonian to be invariant un-
der M . A particular case is the translation z → z + 1
(a = 1, b = 1, c = 0, d = 1), which leads to the conditions
β = 0, γ = 0. Another particular case are the rotations
along the periodic direction of the cylinder z → e2pii/Nyz,
(a = e2pii/Ny , b = 0, c = 0, d = 1), which lead to the con-
ditions α = 0, β = 0. Therefore Γi cannot be invariant
under translations and rotations at the same time (un-
less Γi = 0), hence it cannot be invariant (up to a phase)
under all conformal transformations. We note moreover
that for the operators fij that we have used before (in
particular the case fij = dj − di(qnj − 1)) no further
simplification in H =
∑
i Γ
†
iΓi appears, so that in the
space of Hamiltonians we constructed there is no non-
zero Hamiltonian that would be invariant under all con-
formal transformations.
However the choice α = 0, β = 0 leads to an op-
erator that is invariant under rotations along the peri-
odic direction of the cylinder. In addition the operator
Γi =
∑
j( 6=i) ρijfij is then invariant, up to a phase, un-
der a transformation z → 1/z. This means that the
Hamiltonians of the form
∑
i
∑
k( 6=i)
∑
j( 6=i) ρ
∗
kjρijf
†
kjfij
are invariant under the symmetries of the lattice on the
cylinder (Fig. 2).
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